A classification scheme of quantum states for the system of two free electrons in a cubic box, confined to a single star of quasi-momentuni is proposed within a Racah-Wigner type of approach. Coupling of angular momenta of the atomic case is here substituted by Mackey theorem for transitive representations, which provides a crystalline analogue of orbital angular niomentum -the resultant orbit of the geometric symmetry group. The action of the Pauli group is combined with that of the octahedral group which yields the connection between spin (i.e. the singlet or triplet pairing of electrons) and statistic of the positional factor. Resultant singlets and doublets -irreducible representations of the octahedral group, exhibit an ordinary Landau diamagnetic behaviour, whereas triplets are paramagnetic. A relation between the Mackey star and the star of resultant momentum is discussed.
Introduction
The aim of the present paper is to propose a classification of states of the system consisting of two free electrons in a cubic box. Moreover, we assume that the space of quantum states of a single electron is confined to a single star of a wavevector in the reciprocal space. The single-electron space is thus spanned on a small number of de Broglie electron waves, corresponding to the same energy. This space is also closed under the action of the octahedral group Oh -the geometric symmetry group of the box.
Such a problem is one of the initial steps in an adaptation of Racah-Wigner type of approach to description of electronic structure in solids within the *The work has been supported by the Ministry of Education research project P/04/250/90-2/V/1-9. free-electron model (Lulek [1] ). Quantization of momentum implies discreteness of the energy spectrum, and a single star in the Brillouin zone is a plausible crystalline analogue of nl electronic shell in a atom, at least in cases of mesoscopic regions. In this paper we examine the freedom of construction of symmetry adapted c o u p l e d t wo -e l e c t r o n s t a t e s wi t h i n a s i n g l e s t a r , i n a wa y r e s e mb l y i n g c o u p l i n g o f two angular momenta in atomic theory. The spherical symmetry is substituted by the octahedral one, and coupling of angular momenta, i.e. decomposition of irreducible representations of the SU2 group by Mackey theorem for transitive representations of the group Oh, acting on appropriate stars in the Brillouin zone.
The single-electron space
Let be the star, generated by the octahedral group Oh from the wave vector where Qα is the length of the edge of the cubic box confining electrons, p, q, r are non-negative integers, and the cartesian coordinate system in (2) coincides with fourfold axes of the group Oh. The linear unitary space over the field C of complex numbers, spanned on the star γ as its orthonormal basis, i.e.
where lc denotes the linear closure, will be referred to as the single-electron orbital space. It is the carrier space of the linear complement of the transitive representation ROh:D of the group Oh, acting on the star γ as its orbit, with the subgroup being the stabiliser of the wave vector k.
The single-electron space of our problem is the tensor product of the orbital space L 0 by the standard twodimensional spin space Ls -the carrier space of the irreducible representation D 1 / 2 of the SU2 group. Evidently,
where γ is the number of elements (arms) in γ. In order to arrive at a clear scheme of classification, we shortly restate these notions in terms of "action of a group on a set" ([Michel [2] ). Let Oh. Following Newman [3] , we denote each stratum of T by a sequence (p q r) of three non-negative integers, some of them could be equal to another or to zero.
The lattice ek T is given in Fig. 1 , and the details of stratification are listed in Table I .
The two-electron space
The space of twoelectron states is the antisymmetric part L{1 2} of the tensor product L L. The classification problem consists in a constuction of an orthonormal basis in L {12}
We can proceed essentially in the same way as described by Lulek [3] and Lulek and Szopa [4] for the localised case. Perhaps the simplest is the choice of non-correlated states, i.e. Slater determinants of basic functions (7) . Such a basis corresponds to an ordinary second-quantized method which is insensitive to any electron correlations. Another choice, the irreducible scheme of [2] starts from the irreducible basis (9), and couples the orbital single-electron states Λ1 and Λ2 as into twoelectron orbital manifolds Λ. This choice takes into account the factorization (5) of the single-electron space into orbital and spin faction and yields the corresponding quantum numbers Λ and S -counterparts of atomic LS numbers for the system of N = 2 electrons, in a spirit of Wigner-Racah approach. The main disadvantage of this choice is that it is able to account only for a narrow variety of correlations effective within manifolds Λ1 and Λ2, leaving aside the rest of the shell defined by the star γ.
This disadvantage can be remedied by use of the transitive scheme of papers [3] [4] , where the permutational stucture of the orbital representation RO h : D )
can be exploited by Mackey theorem [5] . This theorem is related to a fibration of the cartesian square γ x γ of the single-electron star γ, consistent with the action ROh:D x RO h :D of the octahedral group Oh. In spite of its implications in classification procedures, and its parallelism to coupling of angular momenta, we consider this fibration in some more details in the next chapter.
A fibration imposed by Mackey theorem
The Mackey fibration can be performed in two steps. 
Let D(K) be the stabiliser of K, in accordance with Eq. (4). Clearly, i.e. the stabiliser of K encloses the stabiliser L w of the Mackey orbit ω. However, the inclusion in Eq. (28) cannot be substituted, in general, by equality since the wave vector K can achieve some more symmetrical position in Z 3 due to the stucture of module. E.g., the pair | -k, k) of opposite momenta belongs to the Mackey orbit with whereas so that Lω is a proper, nontrivial subgroup of D(K).
In general, the Mackey orbit ω can be divided into 48/ |D(K)| imprimitivity sets, each having |D(K)|/ | L ω | t w o -e l e c t r o n s t a t e s w i t h t h e s a m e r e s u l t a n t quasi-momentum. These imprimitivity sets are related to the chain of subgroups In other words, these actions mutually centralise, as a particular case of Weyl's duality [6] between linear and symmetric groups in tensor spaces. It allows us to use S irreducible representations of both groups as compatible quantum numbers for classification of two-electron states.
Let | gω k, k) be the representative of an orbit of the group Oh on the square x γ. Then we have i.e. the transposition of electrons causes a jump from the orbit ω of Oh to the orbit determined by the inverse double coset Dgω -1 D . S i m p l e f o r m a l p r o p e r t i e s o f double cosets (Frame [7] ; cf. also [3] For the two-electron spin space L2s we have where L{ 2} is the three-dimensional space corresponding to the total spin S =1 ( t r i p l e t p a i r i n g ) , a n d L s { 1 ² } i s t h e o n e -d i m e n s i o n a l s p a c e w i t h S = 0 ( s i n g l e t p a i r i n g ) . T h e P a u l i e x c l u s i o n p r o n c i p l e d e m a n d s y0 ys={1²}
(43) where denotes the inner (Clebsch-Gordan) product of irreducible representations of the Pauli group ∑ 2 . Thus we have which implies that y0 = {2} is associated with S = 0, whereas y0 = {1 2 } corresponds to S = 1. Finally, the orthonormal basis for the total space L{1²} has the form with M being the projection of the total spin, i.e. S = {0, ±1} for S = 1 and S ={0}for S =O.
Discussion
We have proposed a classification scheme for coupled basis states of the system of two free electrons in a cubic box, within a single star γ of one-electron states. This scheme is described by the states which are some crystalline analogues of atomic states for the case of N = 2 electrons. Thus the star γN works as the counterpart of electronic configuration lN, ωΛtλ correspond to atomic αLML orbital labels, and SMS are quantum numbers describing the total spin. We proceed to discuss the relevance of these new labels in some more details.
The label |ω | emerges as the Mackey orbit on the Cartesian square γ x γ and describes the class of geometrically equivalent pairs (k, gω , , k ) o f q u a s i -m o m e n t a o f electrons. It is thus related to the total quasi-momentum of the system. Moreover, this label involves the action P0 of the Pauli group which encompasses the interplay between the geometric action T 2 and the requirement of indistinguishability involved in P0.
The proposed scheme is factorized, i.e. each basis state is a tensor product of positional and spin factors, in a full analogy to atomic theory. Such a scheme involves, however, a definite connection between spin and statistic of the positional factor. Thus the case S = 0, i.e. the singlet pairing, is associated with symmetric positional states (y0 = {2}), whereas the case S = 1, i.e. the triplet pairingwith antisymmetric positional statistic (y 0 = {1 2 )). It is reflected in the range of the repetition label t for an irreducible representation Λ of Oh in |ω|. This label uns over all symmetric (antisymmetric) values for S = 0(1).
Two-electron states have a large degree of freedom, allowing for a variety of magnetic properties of their positional part. This freedom is reflected in the dimension | γ | 2 of the twoparticle positional space, spanned on the square γ x γ of the star γ. This dimension varies from 6 x 6 = 36 for the star p00 to 48 x 48 = 2304 for the regular star pqr.
The action T2 of the octahedral group in these spaces yields the decomposition into irreducible representations Λ Oh and appropriate irreducible subspaces, with definite rotational properties. In general, singlets (Λ = A1g A1u, A2g, A2u) and doublets (Eg, Eu ) yield diamagnetic properties, which are similar to Landau diamagnetism of the gas of free electrons within the single-electron picture, whereas triplets (T1g ,T1 u ,T2g ,T2u ) are associated with some paramagnetic properties, as in an ordinary crystal field description. Thus the gas of free electrons can exhibit some remarkable paramagnetism resulting from partial filling of a degenerate Fermi level.
